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Introduction
Numerical simulations of industrial processes need to take into account non-linearities induced by the material behaviour, large displacements, large strains and contact phenomenon between the tools and the formed parts. These procedures are computationally intensive. One of the main objectives for designers and engineers faced with the simulation of industrial processes is the reduction of the CPU time in combination with an acceptable level of accuracy, in particular at the design stage.
This paper present the implementation of a new algorithm to simulate elasto-plastic material behaviour with anisotropic plasticity criterion based on the incremental deformation theory in the ABAQUS commercial finite element code. The aim of the algorithm is to reduce the global CPU time for the numerical simulation of stretch forming and incremental sheet-metal forming processes. To determine the elasto-plastic state of the workpiece, two fundamental principles based on the theory of plasticity are used: (a) the theory of deformation and (b) the flow rule theory. The theory of deformation was initially developed by Hencky (1924) . Alternatively, many authors, like Simo and Ortiz (1985) , have presented algorithms which use the flow rule method to take into account the deformation path dependence. Lubarda (2000) showed that both theories are equivalent only under proportional loading. Today, the flow rule method is used in the majority of numerical simulations, leading to good agreement with experimental results.
The theory of deformation can be defined in termes of total deformation or incremental deformation. In the case of total deformation, the load grows proportionally to the time. Lemaitre and Chaboche (1988) proposed the following relationship: σ(M, t) = c(t).σ(M, t f ). Where σ(M, t) is the stress tensor at material point M and at the time t, t f is the final time and c(t) is an increasing function of time. With this assumption, it is not possible to take into account unloading of the workpiece (i.e. springback cannot be predicted). Today, this theory is principally implemented in the Inverse Approach (for example by Guo et al. (2000) using DKT12 shell element or Na et al. (2011) using a membrane element model with bending modification based on element moment equilibrium). This approach is generally used for the optimisation of deep drawing processes, because the CPU time is less consuming than a dynamic explicit solver. The total deformation theory does not take into account the strain path because the state of stress is assumed to be proportional at all times during the simulation, and do not take into account the current yield surface normality.
In the incremental deformation theory, the loading is considered to be proportional only during one time increment. Chung and Richmond (1993) present this theory in which the total strain subincrement is proportional to the fixed strain increment. An efficient algorithm, using this theory has been developed by Ramakrishnan et al. (1998) for isotropic material behaviour. Good results have been observed when compared to experimental results. The advantage of this theory, compared to the flow rule theory, is that it does not use an integration scheme, as discussed by Yang and Kim (1986) .
This paper proposes an elasto-plastic algorithm with an anisotropic criterion and using the incremental deformation theory. The algorithm is tested for two sheet forming processes: stretch forming, and incremental sheet forming.
Stretch forming is a well established forming operation which is only really appropriate for large scale production due to the high tooling cost involved. However, the second process investigated, incremental single point sheet forming, is a relatively new process used to manufacture deep drawn components. The basic idea is to locally push the sheet with a hemispherical tool that follows a complex path. The advantage of this process is its great flexibility, because only one hemispheric tool is required in free bulging. It is also possible to use a die in order to increase the quality of the final geometry. The applied forces are not very high, so, the die can be manufactured with low cost materials. The major disadvantage of this process is that the forming time is very long. Therefore, incremental sheet forming is more appropriate for small scale production or for creating prototypes.
These two sheet-metal forming processes were chosen due to their different loading conditions and different material behaviour.
In terms of deep drawing, the Inverse Approach can quickly predict the thickness of the sheet at the end of the forming process, but the stress state is generally inaccurate. The results using dynamic explicit solvers are more accurate however the CPU time is very long. Therefore, the incremental deformation theory should reduce the CPU time, while maintaining good accuracy.
Considering the incremental sheet forming processes it is not possible to use a one step method due to the changes in the contact conditions between the tool and the sheet, during the simulation. In this case, the incremental deformation theory could also be used to reduce the CPU time.
In the following, a description of the classical plastic flow rule method and the new algorithm is
given. The results of numerical simulation, using both plasticity theories are then presented for :
a) the Nakazima test (stretch forming of an hemispherical cup), and
b) The incremental forming of a cylindrical cup.
The results are subsequently discussed and some conclusions are presented.
The classical flow rule method
In this section, the numerical integration in relation with the flow rule method is presented. In this method, the yield surface normality rule is used to describe the evolution of strain during an increment of strain. Many authors have presented algorithms for this theory, including Crisfield (1991) . The general constitutive equations defining the stress as a function of the elastic deformation are:
where C el is the elastic stiffness tensor. In the case of plane stress C el reduces to:
The coefficients E and ν are the Young modulus and the Poisson ratio respectively. The equivalent stress σ eq is defined as:
where [P] takes into account the material anisotropy in the following form: The isotropic hardening law may be fitted by:
where the parameters A, B, C and n are determined experimentally by means of tensile tests.
The yield function f , according for the Hill 48 an isotropy criterion, is written as:
The generalised normal plastic flow rule gives the plastic strain increment in the form of:
Using the consistency condition (d f = 0), the increment of the equivalent plastic strain rateε pl can be written as a function of the normal to the yield surface ∂ f ∂{σ} , the hardening modulus ∂σ ∂ε pl and the strain rate {ε}. This is lead to equation below:
The first step in the classical algorithm is to make an elastic prediction, in wh ich the increment of deformation is considered to be purely elastic. If the yield function value is greater than zero, the radial return to the yield function is determined by iterat ion until convergence, that is, until the yield function value equal zero. Figure 1 shows the evolution of the stress during these plastic iterations. The sub-script n represents the previous increment and n+1 the end of the current increment. The superscript (i) represents the iteration i.
Figure 1: Flow rule theory, Simo and Ortiz (1985) 3. Incremental deformation theory -the new algorithm
In this section, the numerical integration of the incremental deformation theory is presented. In this study, the Hill48 criterion is used to describe the anisotropic behaviour of the sheet. This theory was initially proposed by Hencky (1924) based on the total deformation. In the present method, the load is proportionally increased during one increment of strain. In this case, it is possible to use equivalent variables (stress and strain) to describe the material behaviour because the increment of strain evolves according to a scalar function, ∆ε(t) = α(t).∆ε(t 0 + ∆t) as discussed by Chung and Richmond (1993) . Where ∆ε is the increment of the strain tensor, ∆t is the time increment, t 0 is the time at the beginning of the increment, and α(t) is an increasing function of time. In this case, it is possible to take into account of the unloading. Figure 2 shows the principle of the theory of the incremental deformation for a one-dimensional case. A is related to an initial state of stress and strain, and B is the state reached at the end of the increment.
The stress at state B is a function of the elastic strain at A (ε el A ), the increment of deformation (∆ε) and of an elasto-plastic modulus E ep which is a function of a plastic modulus E p and Young modulus.
For the uniaxial case σ B is : Figure 2 : Principle of the incremental deformation theory, Ramakrishnan et al. (1998) The strain tensor is computed using elastic and plastic parts:
Defining the variable {ε * } as the sum of the elastic strain at the beginning of the increment and the fixed increment of total strain, so that:
In the figure 2, the plastic modulus E p is shown to be defined by the ratio:
Equation (7) can now be written as a function of the plastic modulus in whichε pl is replaced by ∆ε pl :
The relation between the elastic strain and stress is expressed by:
Using equation (13) and (14), the stress can be calculated as a function of {ε * }:
Let us defined the elasto-plastic tensor [C ep ] as:
For the graphical representation of Figure 3 , equation 15 is now rewritten as:
Figure 3 shows a representation of this relationship where the right term is the elastic prediction.
For one increment, the stress path (and strain path) are proportional to E p . The increment of equivalent plastic strain must now be determined to compute {σ}. This is done in the following manner.
As the increment of equivalent plastic strain energy is equal to the increment of plastic strain energy:
8 A straightforward combination of equations (7) and (18) shows that the equivalent plastic increment is:
Similarly the elastic strain energy is defined by:
In this work, it is assumed that the elastic anisotropy characteristic is approximately equal to the plastic one. This hypothesis is frequently used for calculations in the Inverse Approach (one step method) as done, for example, by Naceur et al. (2004) . Therefore :
Referring to uniaxial loading, the stress and elastic strain increments are linked by the following relation:
Combining equations (1) and (21) with (22), the equivalent elastic strain increment is found to be:
As per the three-dimensional case, the partition of the equivalent strain ∆ε into plastic and elastic parts leads to the following additive relationship:
Combining equations (19) and (23) with (24), the equivalent total strain increment is found to be:
Given the aforementioned assumptions, it is now possible to obtain the increment of equivalent plastic strain by solving equation (5) using the Newton-Raphson algorithm:
In (26), the subscript k represents the state at the beginning of the increment, and k + 1 the state at the end of the increment.
Sheet metal forming applications
In order to compare the two plastic material deformation algorithms, previously discussed, in the same computing conditions, both the classical flow rule and new incremental deformation approach were implemented in the commercial FE code ABAQUS Explicit. The two algorithms were developed in user material subroutines (VUMAT). In the Flow Rule Formulation (FRF) (figure 4), the strain and stress tensors are computed at each iteration in the plastic loop. In the Incremental Deformation Formulat ion (IDF) (figure 5), only the equivalent stress is computed at each iteration.
Elastic prediction:
Yield function: In the following, the two algorithms are tested and compared using :
• Only one point representing an elementary homogeneous volume with a significant change in the strain path,
Compute by Newton Raphson iterations:
Figure 5: Incremental deformation algorithm
• the Nakazima Test for the simulation of a typical stretch forming operation,
• the incremental single point forming process of a cylindrical cup.
Elementary homogeneous volume
A comparison is initially done without using a finite element analysis. The material behavior laws are integrated in a specifically written FORTRAN program which uses the imposed strain path as an entry. The calculation is done for a point subject to a state of plane stress.
Consider a point that exhibits elasto-plastic material behavior, with the following parameters :
• Young's Modulus = 96000 MPa
Isotropic hardening using the Swift law :
The imposed strain is initially uniaxial, where the strain tensor is given by:
The point is then subject to shear, while keeping the uniaxial strain already imposed.
ε 3 = 0; 0; 0.5 (29) Figure 6 shows the stress path in the principal coordinate system. The flow rule theory is used.
Several zones can be observed :
• Between points A and D: the strain ε 1 is applied.
• Between points D and F: the strain ε 2 is added to ε 1 .
• Between points A and B: the behaviour is purely elastic, the stress follows a line in the direction (ν;1).
• Between the points B and C: the behavior goes from being purely elastic to being quasi purely plastic. If the Young's modulus was lower, point C would be subject to a higher principal stress σ I than the values determined in the present case
• Between the points C and D: The plastic strain is much higher than the elastic strain. The behavior is close to that of purely elastic behavior. The stress state follows a line in the direction (0.5;1).
• Between the points D and E: the behavior goes from being uniaxial strain to a pure shear state.
An evolution of the hardening occurs.
• Between points E and F: The shear stress is predominant, it follows a line in the direction (-1;1). Figure 7 shows the difference between the two theories. Good correspondence can be seen between the two curves. However, a slight instability occurs when using the incremental deformation theory near point D.
To evaluate the difference in CPU time necessary to resolve this problem, the calculations have been done 1000 times in a loop, in order to achieve reasonable calculation times. The relative reduction in CPU time can be written as :
where t f r denote the CPU time using the flow rule method and t id the CPU time using the incremental deformation theory. In this case a reduction of 77.2% is achieved. The incremental deformation theory results in good prediction of the multiaxial stress state with a non-proportional strain path. The incremental deformation theory works well when the strain path changes significantly.
Nakazima test
The Nakazima test Nakazima et al. (1968) During simulation of the forming process, the clamping force applied to the sheet-metal by the blank-holder and the die is 100 kN. The punch diameter is 75 mm and the geometrical parameters of the initial flange and the die are shown in Figure 8 . The friction conditions at the contact between the deformed sheet, the blankholder and the die are modelled by Coulomb law with a friction factor of 0.06. In the other contact zones the friction is neglected. The dynamic explicit solver is used.
The results of numerical simulations, using the two abovementioned formulations, are compared for a punch displacement of 40 mm. This punch displacement experimentally leads to necking of the part. Triangular, three nodes, shell finite elements are used (S3R) with 5 Simpson integration points in the thickness direction. The global element size is approximately 3 mm and the model has Table 2 shows the relative difference between maximum stresses and plastic deformat ion, minimum sheet thickness and CPU time obtained by both theories. The classical flow rule approach is used as the reference case. The relative difference is defined by the general formula:
where the superscripts f r denote the flow rule method and id the incremental deformat ion theory.
It can be noted that the incremental deformation theory produces a significant reduction in CPU time and good agreement with the flow rule theory for the simulation results. The time benefit for the complete simulation and the number of plastically deformed elements are plotted as a function of the punch displacement in Figure 10 .
The total time benefit increases as the number of plastically deformed elements increases. At the end of the forming operation there is a small drop in the time benefit, even though the number of plastic elements remains basically constant. The incremental plastified elements (IPE) at time t i is defined as the number of elements who have increased the equivalent plastic strain between t i−1 and t i . Figure 12 shows the change in time benefit and the change in the number of plastic elements (IPE) plotted as functions of the punch displacement.
As per Figure 10 , Figure 12 shows that the time benefit is significant if there are a large number of elements in plastic domain. Three zones can be identified in this figure. In the first zone (at the beginning of the operation), there is an increasing degree of contact and material behaviour nonlinearity, consequently the time benefit increases. In the second zone, the material behaviour is the major source of non-linearity, and the time benefit is approximately 25%. In the final zone, the nonlinearity due to large strain and contact is the principal source of non-linearity, hence the time benefit decreases. The hardening law used in this study has been defined in equation 5 σ = A + B C + ε pl n . Different value of the hardening exponent n have been investigated in order to determine the sensitivity of the time benefit, and the quality of results. The materials parameters have been computed in order to keep a constant initial yield stress, thus the parameter A value may be negative. The parameters values are shown in Table 3 and the resulting stress-strain curves are plotted in Figure 13 . The elastic material parameters, the Lankford parameters, and the process parameters are the same as in the previous case.
A ( The results of this sensitivity analysis are show in Table 4 . For each simulation, the relative differences (with the classical flow rule method used as the reference) are in the same order of magnitude.
Relative difference (eq. 31) of As seen in the Table 4 and Figure 14 , the time benefit increases slightly when the hardening exponent n increase. The maximum benefit occurring when n = 1 (Hardening_4). However, the degree of non-linearity of the hardening law does not have a large influence of the total simulation time. The evolution of this time is the same for the both theories.
Cup test in Incremental Sheet Forming
In this section, the Single Point Incremental Forming (SPIF) of a cylindrical cup will be analysed. This forming process is generally carried out on CNC machine-tools like grinding or milling is modelled by an analytic rigid surface. The blankholder is modelled by boundary conditions on the flange in which all degrees of freedom (displacements and rotations) are fixed. The equivalent plastic deformation and the tool position during the simulation of forming (25 mm depth) is presented in Figure 17 using the classical flow rule method.
The results of the forming operation simulation are reported in Table 6 , at the end of the forming.
Comparing the results obtained by means of the two formulations, the advantage of IDF on FRF is not significant. A small reduction of the CPU time simulation is observed probably due to the low number of elements concerned by the plastic deformation zone at a given time. This is a characteristic point of the SPIF process for which the diameter of the tool is small compared to the sheet dimensions. The reduction of the computation time when using the IDF is plotted in Figure 18 as a function of the tool displacement.
The effective CPU time benefit seems to be not significant in case of SPIF. Its maximum value is reached during the last circular tool path which begins at approximately 65% of the total displace- Figure 21a shows the thickness for path 1 and figure 21b for path 2. A good thickness prediction is observed for the IDF, compared with the FRF.
During that process, it is possible that a material point undergo several elasto-plastic states followed by elastic unloading. The results comparison shows that the IDF is able to take into account complex elasto-plastic loading and unloading. 
Conclusion
The incremental deformation theory and the flow rule plasticity method are investigated in case of forming anisotropic sheet-metal. The elasto-plastic formulations for both theories which include the Hill 48 criterion are implemented into the commercial FE code ABAQUS EXPLICIT. The algorithms were developed and introduced via user material subroutines (VUMAT). The numerical performances of both theories are compared in the same computing conditions in the case of two sheet-metal forming benchmarks.
These two algorithms are first tested on a material point with a significantly change in the strain path. The behavior is the only one non-linearity. A large reduction of the CPU time (more than 70%)
for the incremental formulation theory is observed, compared to the flow rule formulation, with a good prediction of the multiaxial stress state.
A stretch forming of a spherical cup was first modelled as a forming example in which the contact conditions between the tools and the sheet are dominant. It was found that the incremental deformation formulation gave good results compared to the flow rule formulation. A significant reduction of the CPU time is observed with IDF. The time benefit reaches its maximum at half time of the forming operation because the material non-linearity is dominant.
In the second situation, the single point incremental forming of a cylindrical cup was tested. In that case, the localized contact zone between the tools and the sheet is following the tool path all along the forming operation. It was found that the time benefit was small (only 4%), however good results are observed. The incremental deformation theory has not an important impact with this process. This is explained by the localization of the contact between the tool and the sheet (high contact non-linearity), and the small tool diameter compared with the sheet dimensions (few elements are in the plastic domain at a given time).
It can be concluded that the major advantage of the new approach is the time benefit when the material non-linearities are dominant. Contact non-linearities can significantly reduce the global time benefit obtained with this formulation. Also, this formulation works well when the strain path changes significantly under multiaxial stress state.
